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Damping-free collective oscillations of a driven two–component Bose gas in optical
lattices
Gavriil Shchedrin, Daniel Jaschke, and Lincoln D. Carr
Colorado School of Mines, Golden, Colorado 80401, USA
We explore quantum many-body physics of a driven Bose-Einstein condensate in optical lattices.
The laser field induces a gap in the generalized Bogoliubov spectrum proportional to the effective
Rabi frequency. The lowest lying modes in a driven condensate are characterized by zero group
velocity and non-zero current. Thus, the laser field induces roton modes, which carry interaction in
a driven condensate. We show that collective excitations below the energy of the laser-induced gap
remain undamped, while above the gap they are characterized by a significantly suppressed Landau
damping rate.
PACS numbers: 03.75.Kk, 03.75.Mn, 42.50.Gy, 67.85.-d, 63.20.kg
Multicomponent Bose-Einstein condensates (BECs) of
ultracold gases [1–4] are a superb system for exploring
quantum many-body physics and emergent phenomena
in a well-controlled macroscopic quantum system. The
spinor BEC led to a major advances that include ob-
servation of Dirac monopoles [5], exotic magnetism [1],
spin Hall effect [6], spontaneous symmetry breaking [7],
coherent spinor dynamics [8], dynamic stabilization [9],
vortex formation [10], quantum spin mixing [11], spin do-
main wall formation [12], and realization of topological
states [13, 14]. The observation of the low-lying collec-
tive modes of a condensate revealed its dynamics and
unique spectral signatures [15, 16]. Moreover, collective
modes in a two-component condensate were instrumen-
tal in the examination of the crossover from a BEC to
Bardeen-Cooper-Schrieffer (BCS) superfluid regime of ul-
tracold Fermi gases [17–19]. At low temperatures, the de-
cay of collective modes, caused by the coupling between
them, is described by the Landau damping process [20].
In this Letter, we show that the laser field induces a
gap in an otherwise gapless Bogoliubov spectrum, which
leads to the existence of roton modes in a driven conden-
sate. We show that the laser-induced gap in the spectrum
of elementary excitation protects the low-lying collective
modes from Landau damping. Above the energy of the
gap, the damping is dominated by the laser-induced ro-
ton modes and is considerably suppressed compared to
the phonon-mediated damping found in a field-free con-
densate.
We describe a weakly interacting two-component BEC
confined in an optical lattice (see Fig.1.(a)) by a driven
Bose-Hubbard Hamiltonian [3, 4]. For a driven two-
component BEC we obtain the exact results for the ele-
mentary amplitudes and find a set of exact symmetries
that are inherent among them. Based on the obtained
energy spectrum and amplitudes, we explore the near-
equilibrium dynamics of a condensate and calculate Lan-
dau decay rate of the collective modes. The microwave
field that drives the condensate from the ground state to
the first excited state operates in a single mode regime
[21–25], and is characterized by the Rabi frequency and
detuning (see Fig. 1.(b)). We find that the applied laser
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FIG. 1. Bose-Einstein condensate in an optical lattice driven
by a laser field (a) Bose-Einstein condensate (yellow spheres)
confined in an optical lattice, formed by counter-propagating
waves (red arrows) and driven from the ground state by the
laser field Ω(t). (b) Two-component Bose-Einstein conden-
sate is modeled by a set of two-level systems, driven from
the ground state |b〉 to the excited state |a〉 by the laser field
Ω(t). The laser field is characterized by the Rabi frequency
ΩR and detuning ∆. Initially, the condensate is prepared in
the ground state |b〉.
field creates a gap in the energy spectrum that dramati-
cally modifies the interaction in a driven condensate. In a
scalar BEC, coupling between the collective modes, car-
ried by the phonons, leads to the absorption (emission) of
the collective modes described by Landau damping [26]
(Beliaev damping [27]). In contrast, the lowest lying el-
ementary excitations in a driven BEC have zero group
velocity and non-zero current. Thus, the interaction in
a driven condensate is carried by the laser-induced roton
modes. The laser-induced gap in the spectrum of elemen-
tary excitation ensures zero Landau damping of the col-
lective modes lying below energy of the gap. Above the
gap, it is proportional to the density of the laser-induced
roton mode and is considerably slowed down compared
to a field-free scalar condensate.
The suppression of the collective modes was previously
reported for a number of physical systems. This includes
observation of suppressed Landau damping in the Bose-
Fermi superfluid mixture [28, 29], reduced decay rate of
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FIG. 2. Rabi-Bogoliubov spectrum for a driven two-component
Bose-Einstein condensate in an optical lattice. The new dis-
persion law consists of two branches,Eka(ΩR) and Ekb(ΩR),
which are separated by the standard Bogoliubov spectrum.
The first branch of the new Rabi-Bogoliubov spectrum that
lies above the Bogoliubov spectrum is characterized by the
gap and has characteristic quadratic dispersion relation for
small momenta k in the units of the lattice constant aL. The
second branch of the spectrum has a real solution only for
certain values of momenta, while for the rest of the momenta,
has only purely imaginary solutions.
the collective excitation in fermionic polar molecules con-
fined in optical lattices due to the quantum Zeno mecha-
nism [30], and prediction of absence of damping for quasi
2D dipolar Bose gas at zero temperature [31–33]. Here we
report dramatic modification of the spectral signatures
and decay rate of the collective modes for a driven two-
component Bose gas. The undamped collective modes
of a driven multicomponent condensate, combined with
its extremely long coherence time, will allow one to ob-
serve long-lived internal dynamics of nonlinear macro-
scopic phenomena, such as quantum vortices, quantum
turbulence, and solitons [3].
We start with the Hamiltonian of the two-component
BEC in an optical lattice, [21–23, 34–37]
H =
∫
dr
∑
j=a,b
ψ̂†j (r)
(
− h¯
2
2m
∇2 + V (r) − µj
)
ψ̂j(r)
+
1
2
∫
dr
∑
j=a,b
ψ̂†j (r)
 ∑
j′=a,b
gjj′ ψ̂
†
j′ (r)ψ̂j′ (r)
 ψ̂j(r)
+
ΩR
2
∫
dr
(
ei∆tψ̂†a(r)ψ̂b(r) + e
−i∆tψ̂†b(r)ψ̂a(r)
)
. (1)
Here ψ̂j(r) is the field operator, which obeys Bose-
Einstein statistics and annihilates a particle character-
ized by the mass m, location r, and the internal state
j = a(b) for a particle in the excited (ground) state. The
chemical potential for a particle occupying the internal
state j is given by µj . The lattice potential is assumed
to have a cubic form, V (r) = V0
∑3
i=1 sin
2(kLri), and is
given in terms of the lattice vector kL = pi/aL, where aL
is the lattice constant. The interaction between particles
occupying the internal states j and j′ are given by the
coupling constants gjj′ . The laser field that drives the
condensate from the ground state |b〉 to the first excited
state |a〉 is characterized by the Rabi frequency ΩR and
detuning ∆ (see Fig.1.(b)) from the excited state.
In the tight binding model, and lowest band approxi-
mation, which is valid in the long-wavelength limit, one
can expand the bosonic field operators ψ̂j(r) in the Wan-
nier basis ψ̂j(r) =
∑
n bnjwj(r−rn). Throughout the pa-
per, we will use the index convention, according to which
the first argument of the index describes the site in an
optical lattice, while the second argument corresponds to
the internal state within the site. The expansion of the
field operators in the Wannier basis in the driven Bose-
Hubbard Hamiltonian 1 directly leads to
H = −
∑
j=a,b
∑
〈m,n〉
Jjjmn
(
b†mjbnj + b
†
njbmj
)
(2)
−
∑
j=a,b
µj
∑
n
b†njbnj +
∑
j,j′=a,b
Ujj′
2
∑
n
b†njb
†
nj′bnj′bnj
+
ΩR
2
∑
n
(
ei∆tb†nabnb + e
−i∆tb†nbbna
)
.
Here the hopping integral is
J ijmn = −
∫
drw∗i (r− rm)
[
− h¯
2
2m
∇2 + V (r)
]
wj(r− rn),
(3)
and the on-site interaction is
Ujj′ = gjj′
∫
drw∗j (r)w
∗
j′ (r)wj′ (r)wj(r). (4)
In order to transform the Bose-Hubbard Hamiltonian
into the k-space we introduce the Fourier transform of
the creation and annihilation operators,
bnj =
1√
NL
∑
k
exp [−ikrn]akj , (5)
whereNL is number of lattice cites. Then we linearize the
Fourier-transformed Bose-Hubbard Hamiltonian Eq.(2)
by expanding the creation and annihilation operators
near their average values, akj = 〈a0j〉 + (akj − 〈a0j〉).
Here 〈a0j〉 is the average value of the annihilation opera-
tor, which is given in terms of number of the particles oc-
cupying zero momentum state N0j , 〈a0j〉 =
√
N0j . The
coupling between particles occupying the internal states
j = {a, b} is described by the matrix(
naUaa
√
nanbUab√
nanbUba nbUbb
)
≡
(
ua sa
sb ub
)
. (6)
Here nj = N0j/NL are the average filling factors of the
particles occupying the internal state j and momentum
k = 0. In this work we will consider the simplified case,
u = naUaa = nbUbb and s =
√
nanbUab =
√
nanbUba.
However, the main physical results concerning the Rabi-
Bogoliubov spectrum of a driven two-component BEC
and the characteristic rate of Landau damping of the
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FIG. 3. Rabi-Bogoliubov amplitudes for a two-component
Bose-Einstein condensate in an optical lattice driven by a
microwave field. The standard Bogoliubov amplitudes have
poles at the location of the roots of Bogoliubov spectrum.
The laser field, which drives the condensate, creates a gap in
the spectrum of elementary excitations. As a result, Rabi-
Bogoliubov amplitudes (a) U 2k and (b) V
2
k are finite for all
values of momenta k, given in the units of the lattice con-
stant aL. For a two-component condensate, one obtains addi-
tional Rabi-Bogoliubov amplitudes, (c) W 2k and (d) Y
2
k , which
are absent for a scalar BEC. These amplitudes ensure Bose-
Einstein commutation relation for the quasi-particle creation
and annihilation operators.
collective modes in the symmetric case match the results
obtained in the general case Eq.(6). In the special case
u = s the matrix Eq.(6) simplifies to the fully symmet-
ric Manakov model, which very closely describes a two-
component BEC of 87Rb.
The linearized Bose-Hubbard Hamiltonian can be di-
agonalized via the generalized Bogoliubov transforma-
tion. This transformation introduces the quasi-particle
creation and annihilation operators, according to âkj =
Ukα̂ka + V
∗
k α̂
†
−ka + Wkβ̂kb + Y
∗
k β̂
†
−kb. Here α̂k,a and
β̂k,b are the quasi-particle annihilation operators in the
excited j = a (ground j = b). We impose the Bose-
Einstein commutation relation for these quasi-particle
operators, [αkj , α
†
−k,j′ ] = δjj′ , and [βkj , β
†
−k,j′ ] = δjj′ .
This leads to a constraint on the Rabi-Bogoliubov am-
plitudes, U 2k − V 2k +W 2k − Y 2k = 1.
In the quasiparticle basis the Bose-Hubbard Hamilto-
nian is diagonal and is given by,
Heff =
1
2
∑
k
Ea(k)α̂
†
a,kα̂a,k +
1
2
∑
k
Eb(k)β̂
†
b,kβ̂b,k. (7)
Rabi-Bogoliubov spectrum of elementary excitations is
obtained from the condition det [M − 1(E/2)] = 0,
where the matrix M is given by
M = (8)
tk + u+
∆
2
s+ ΩR
2
u s
s+ ΩR
2
tk + u− ∆2 s u
−u −s −tk − u− ∆2 −s− ΩR2
−s −u −s− ΩR
2
−tk − u+ ∆2
 .
Here, the tunneling parameter tk = 4J sin
2 (kaL/2) is
given in terms of tunneling amplitude J ≡ Jjjmn, mo-
mentum k, and the lattice constant aL. The exact Rabi-
Bogoliubov spectrum of a driven two-component conden-
sate is
Ea(k) =
√
4tk (tk + 2u) + ∆2 +Ω2R + 4sΩR + 4σ,
Eb(k) =
√
4tk (tk + 2u) + ∆2 +Ω2R + 4sΩR − 4σ, (9)
where the parameter σ is defined as the positive branch
of the square root,
σ2 = 4stk (tk + u)ΩR + s
2
(
4t2k −∆2
)
(10)
+ (tk + u)
2
(
∆2 +Ω2R
)
.
For the Rabi-Bogoliubov amplitudes we find a set of sym-
metries that hold among them,
V
2
k (Ea, σ) = −U 2k (−Ea, σ), (11)
W
2
k (Eb, σ) = U
2
k (Eb,−σ),
Y
2
k (Eb, σ) = −U 2k (−Eb,−σ).
The new symmetries are the direct generalization of the
intrinsic symmetries of the standard Bogoliubov ampli-
tudes. Indeed, if one reverses the sign of the energy in
the square of the first Bogoliubov amplitudes, v2k(E), and
swaps the sign of the whole expression, one arrives at the
second Bogoliubov amplitude, i.e. u2k(E) = −v2k(−E).
As a result of the symmetries Eq.(11), one can obtain all
the Rabi-Bogoliubov amplitudes from any one of them,
for instance, U 2k (Ea, σ), which is explicitly given by,
U
2
k (Ea, σ) =
1
4Eaσ
× (s2 (4tk − 2∆) (12)
+ (2tk + 2u+ Ea +∆) ((tk + u)∆ + σ)
+ 2s (2tk + u)ΩR + (tk + u)Ω
2
R
)
We note that in the long-wavelength limit the Rabi-
Bogoliubov amplitudes Wk(Ea) and Yk(Ea) are purely
imaginary. Therefore, we are left with the real-valued
Rabi-Bogoliubov amplitudes Uk(Ea) and Vk(Ea), which
can be considerably simplified in the special case of a
resonant drive, i.e. ∆ = 0,
Uk(Ea) =
√
Ea + 2(tk + u+ s+ΩR/2)
4Ea
, (13)
Vk(Ea) = −
√
−Ea + 2(tk + u+ s+ΩR/2)
4Ea
,
4where Eα =
√
(2tk +ΩR) (2tk + 4u+ 4s+ΩR). If we
introduce E = Eα/2, we obtain Landau decay rate of
the collective modes in a driven two-component BEC,
ΓL = −pih¯ωq 2pi
(2pih¯)3
(
4
√
N
gjj
2
√
ωq√
2
√
u+ s
)2
1
q
× β ∂
∂β
∫
dp
1
vg
p2
E
1
(eβE − 1)
(
3
4
E
(u+ s)
)2
, (14)
where ωq and q are the frequency and momentum of the
collective mode. Now we define the density of the roton
gas,
ρr =
4pi
3(2pih¯)3
∫
dp p2
E2
vg
(
− ∂
∂E
1
(eβE − 1)
)
=
4pi
3(2pih¯)3
(
−β ∂
∂β
)∫ ∞
E0
dE
p2
v2g
E
(eβE − 1) , (15)
where the group velocity is defined as vg = ∂E(p)/∂p and
β = 1/kBT , given in terms of the Boltzmann constant
kB. For small momenta we find laser-induced roton-
like spectra, E ≃ E0 + E2p2/2, where we have intro-
duced the gap E0 =
√
ΩR (4u+ΩR)/2 and the curvature
E2 = (2u+ΩR) /[m
∗
√
ΩR (4u+ΩR)], given in terms of
the effective mass m∗ = 1/(Ja2L). Then we immediately
obtain Landau damping rate of the two-component BEC
in an optical lattice expressed in terms of the density of
the laser-induced roton mode,
ΓL = θ(h¯ωq − E0)27pi
16
h¯ωq
ρr
ρ(ωq)
, (16)
where the collective mode spectral density
ρ(ωq) = q(u + s)
3/(g2jjNωq) and the momentum
q =
√
2(h¯ωq − E0)/E2. For a collective mode with
energy below the gap, i.e. h¯ωq < E0, the Landau
damping is zero, ΓL = 0. Thus, laser-induced gap
in the spectrum protects the collective modes from
Landau damping. Above energy of the gap, the Landau
damping rate is proportional to the density of the laser-
induced roton gas, which scales at low temperatures as
ρr ≃ 1β2 . In the special field-free case, i.e. ΩR = ∆ = 0,
Rabi-Bogoliubov spectrum reduces to the conventional
Bogoliubov spectrum. Thus, we obtain well-known
result [38] of the phonon-mediated Landau damping of
the collective modes,
ΓL(ΩR = 0) =
27pi
16
h¯ωq
ρn
ρ
≃ 1
β4
. (17)
Here ρn is the normal density of a phonon gas ρn =
2pi2T 4/(45h¯3c5), where c is the speed of sound [39].
Therefore, in the presence of a laser field damping of
the collective modes in the condensate significantly slows
down compared to the laser-free phonon-mediated Lan-
dau damping of a scalar BEC.
The damping rate of collective excitations in a driven
Bose gas can be verified via two-photon Bragg spec-
troscopy as it was done in [40]. In the experiment, the
quasiparticles in a BEC of 87Rb atoms were excited by
tuning the frequency difference and angle between the
Bragg beams applied to the condensate. Immediately af-
ter the applied Bragg pulses, the magnetic trap, which
confined the BEC, was rapidly turned off. Following
the free expansion the BEC cloud was imaged via on-
resonance absorption, which allowed the number of scat-
tered atoms as a function of energy and momentum to
be extracted. The measurement revealed a significant
suppression of collisions of quasiparticles at low momen-
tum. In both cases, namely, Beliaev damping of collec-
tive modes in a laser-free BEC, and Landau damping in a
laser-driven condensate, the physical systems are charac-
terized by a critical energy, below which collision of the
collective modes and associated damping processes are
completely suppressed. We conclude that even though
the collisions between quasiparticles in the experiment
were described by the Beliaev damping process, we ex-
pect that the same holds for Landau damping of collec-
tive modes in a laser-driven condensate.
In conclusion, we have investigated the quantummany-
body physics of a driven two-component Bose-Einstein
condensate in an optical lattice driven by a microwave
field. We derived exact analytical results for the gener-
alized Rabi-Bogoliubov spectrum and amplitudes of the
condensate. We found a gap in the spectrum of elemen-
tary excitation in the BEC, which amounts to the effec-
tive Rabi frequency of the applied laser field. We dis-
covered symmetries between the elementary excitations
of a driven Bose gas, which generalize the underlying
symmetries in the standard Bogoliubov amplitudes. The
gapped spectrum and new symmetries of elementary ex-
citations in a driven BEC dramatically modify dynam-
ics of collective modes compared to the laser-free case.
Specifically, we found that below the gap energy the col-
lective mode are damping-free. Above the gap energy the
damping rate is proportional to the density of the laser-
induced roton mode. Thus, the Landau damping rate of
the collective modes in a driven condensate is consider-
ably reduced compared to the phonon-mediated damping
processes in a laser-free condensate.
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